Introduction {#Sec1}
============

Transformations of surfaces play a central role in our present understanding of smooth and discrete differential geometry. Not only do they allow the construction of new surfaces of a given class from existing ones, but their existence reveals a great deal about the underlying (integrable) structure of the corresponding classes of surfaces, c.f. \[[@CR5]\]. For example, given a pseudospherical surface ($\documentclass[12pt]{minimal}
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                \begin{document}$$K=-\,1$$\end{document}$), the Bäcklund transformation yields a two-parameter family of new pseudospherical surfaces by solving an integrable, first-order partial differential equation (see \[[@CR11], Sect. 120\]). In \[[@CR22]\], these Bäcklund transformations are shown to be generators of an infinite-dimensional transformation group of the space of pseudospherical surfaces and the relations among these generators are given by a permutability theorem discovered by Bianchi \[[@CR1], Sect. 257\] in the nineteenth century. In particular, it is shown that pseudospherical surfaces fall into the class of integrable systems. Similar developments have been achieved for other classes of surfaces such as minimal surfaces, constant mean curvature surfaces, constant Gaussian curvature surfaces (c.f. \[[@CR2]\]) and curved flats in symmetric spaces such as Darboux pairs of isothermic surfaces, c.f. \[[@CR7], [@CR9], [@CR12]\].

In the discrete theory, the importance of transformations becomes even more apparent, as articulated in \[[@CR3]\] (see also \[[@CR4]\]): "In this setting, discrete surfaces appear as two-dimensional layers of multidimensional discrete nets, and their transformations correspond to shifts in the transversal lattice directions. A characteristic feature of the theory is that all lattice directions are on equal footing with respect to the defining geometric properties. Due to this symmetry, discrete surfaces and their transformations become indistinguishable."

The interplay between aspects of discrete and smooth differential geometry was explored in \[[@CR6]\] with the study of semi-discrete isothermic surfaces, introduced in \[[@CR18]\]. In analogy to the transformation theory of smooth isothermic surfaces (see \[[@CR15], Chap. 8.6\], \[[@CR5]\] or \[[@CR8]\]), the authors develop a notion of Christoffel, Darboux and Calapso transformations of polarized curves, that is, smooth curves equipped with a nowhere zero quadratic differential, called a polarization. They then show that semi-discrete isothermic surfaces are sequences of Darboux transforms of polarized curves. In line with the ideas of discrete differential geometry, permutability theorems of the transformations of polarized curves are shown to yield a corresponding transformation theory for semi-discrete isothermic surfaces.

We are interested in the class of smooth isothermic surfaces, classically characterized by the local existence of conformal curvature line coordinates, away from umbilics. For these surfaces, the transformation theory is defined only locally, that is, on simply connected surface patches on which regular nets of conformal curvature line coordinates exist (c.f. \[[@CR5], [@CR15], [@CR20]\]). A global transformation theory is still missing. In particular, it seems necessary to reconsider the definition of an isothermic surface. The classical definition makes no restriction whatsoever on umbilic points. But certain configurations of umbilics are an obstacle for a global definition of the transformations (see \[[@CR15], Sect. 5.2.20\]). One candidate for an alternative definition of an isothermic surface is to require the existence of a globally defined holomorphic quadratic differential whose trajectories (see \[[@CR21], Sect. 5.5\]) agree with the curvature lines of the surface on the complement of its umbilic set. But due to the Poincaré--Hopf theorem \[[@CR16]\], this would exclude all surfaces homeomorphic to a sphere, for example the ellipsoid, c.f. \[[@CR20]\]. If we merely require the existence of a meromorphic quadratic differential, that includes topological spheres. Moreover, according to the local Carathéodory conjecture, the poles of such a meromorphic quadratic differential are at most of order two (see \[[@CR14]\]).

This paper makes a first step towards a global transformation theory of isothermic surfaces for which an underlying meromorphic quadratic differential exists. A curvature line of an isothermic surface together with the restriction of such a meromorphic quadratic differential yields a polarized curve in the sense of \[[@CR6], Sect. 2\]. Moreover, the transformations for isothermic surfaces descend to the corresponding transformations of the polarized curvature lines. Thus, in order to understand how the transforms of an isothermic surface behave when a pole of the underlying meromorphic quadratic differential is approached along a curvature line, we investigate how Darboux and Calapso transforms of polarized curves with singular polarizations behave when the singularity is approached. In particular, we investigate the limiting behaviour of Darboux and Calapso transforms of polarized curves where the polarization has a pole of first or second order. According to the local Carathéodory conjecture, these are the only poles that can occur on a curvature line of an isothermic surface.

In Sect. [2](#Sec2){ref-type="sec"}, we give Möbius geometric definitions of the Darboux and Calapso transformations of polarized curves in the conformal *n*-dimensional sphere $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n$$\end{document}$. Our definitions are formulated with a projective model of Möbius geometry: we identify $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n$$\end{document}$ with the projectivization $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}(\mathcal {L}^{n+1})$$\end{document}$ of the light cone $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}^{n+1}$$\end{document}$ in $\documentclass[12pt]{minimal}
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                \begin{document}$$(n+2)$$\end{document}$-dimensional Minkowski space. The Möbius group can then be identified with the projective Lorentz group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$. Curves are described as maps into the projective light cone. For computations and in order to prove that our definitions agree with those of \[[@CR6]\], we relate the projective model to its linearization based on the action of $\documentclass[12pt]{minimal}
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                \begin{document}$$O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}^{n+1}$$\end{document}$, where curves are described via their light cone lifts. We then give a definition of a polarization with a pole of first or second order.

The central object in our definition of the transformations (Definition [1](#FPar1){ref-type="sec"}) is the primitives $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma _p(\lambda \omega )$$\end{document}$ of a family $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda \omega )_{\lambda \in \mathbb {R}}$$\end{document}$ of 1-forms associated with a polarized curve. Here, the primitive of a 1-form $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ with values in the Lie algebra $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {p}\mathfrak {o}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ is the unique map $\documentclass[12pt]{minimal}
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                \begin{document}$$t\mapsto \varGamma _p^{t}(\psi )$$\end{document}$ into $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ which satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {{\mathrm{d}}}\varGamma _p(\psi )=\varGamma _p(\psi )\psi ,\quad \varGamma _p^{p}(\psi )=\mathrm{id}, \end{aligned}$$\end{document}$$c.f. \[[@CR19]\]. When the polarization has a pole of first or second order at some point, the 1-forms $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \omega $$\end{document}$ associated with the polarized curve also have a pole at that point and hence the primitives are not defined there. Nevertheless, as we prove in Corollary [2](#FPar11){ref-type="sec"} and Proposition [2](#FPar15){ref-type="sec"} in Sect. [3](#Sec3){ref-type="sec"}, the primitives of a certain class of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathfrak {p}\mathfrak {o}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$-valued 1-forms with a pole of first order do have limits in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}\,{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) \supset \mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ at the singular point.

In Sect. [4](#Sec6){ref-type="sec"}, we use these results to show that when the polarization of a polarized curve has a pole of first order, every Calapso transform converges to some point and all Darboux transforms converge to the original curve.

In Sect. [5](#Sec7){ref-type="sec"}, we consider the case of a polarization with a pole of second order. We cannot apply the results of Sect. [3](#Sec3){ref-type="sec"} here directly because the 1-forms $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \omega $$\end{document}$ associated with the polarized curve have poles of second order. We first have to do a singular gauge transformation to transform the 1-forms with poles of second order to 1-forms with a pole of first order. The behaviour of the Darboux and Calapso transforms in this case is more diverse. A generic Darboux transform still converges to the original curve as the singularity is approached, but there are Darboux transforms which do not converge. Moreover, the Calapso transform has a limit point or a limit circle, depending on the value of the transformation parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$.

Darboux and Calapso transforms of polarized curves {#Sec2}
==================================================

In this section, we define Darboux and Calapso transforms of polarized curves, show that our definitions agree with those of \[[@CR6]\] and specify the goal of this paper: the study of the limiting behaviour of Darboux and Calapso transforms at points where the polarization has a pole of first or second order.

We use the projective model of Möbius geometry (c.f. \[[@CR5], Sect. 1.1.\] and \[[@CR15], Chap. 1\]) and identify the conformal *n*-sphere $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}(\mathcal {L}^{n+1})$$\end{document}$ of the light cone in $\documentclass[12pt]{minimal}
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                \begin{document}$$(n+2)$$\end{document}$-dimensional Minkowski space. In this way, the action of the Möbius group on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n$$\end{document}$ can be identified with the action of the projective Lorentz group $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ as a subgroup of the group of projective transformations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$, which in turn is a submanifold of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$. Taking the linear span $\documentclass[12pt]{minimal}
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                \begin{document}$${\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ then provides a diffeomorphism from the group $\documentclass[12pt]{minimal}
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                \begin{document}$$O^+\left( \mathbb {R}^{n+2}_1\right) \subset {\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ of orthochronous Lorentz transformations to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$. Similarly, we view the Lie algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {p}\mathfrak {o}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ as a subspace of the tangent space $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {P}{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ at the identity. The differential of $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \cdot \rangle $$\end{document}$ at the identity then restricts to an isomorphism of Lie algebras$$\documentclass[12pt]{minimal}
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                \begin{document}$$v,w,x\in \mathbb {R}^{n+2}_1$$\end{document}$. Here, denotes the Minkowski inner product on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{n+2}_1$$\end{document}$.
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                \begin{document}$$S^n=\mathbb {P}(\mathcal {L}^{n+1})$$\end{document}$ is an immersion of some interval (*a*, *b*) into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}(\mathcal {L}^{n+1})$$\end{document}$, where the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle c\rangle $$\end{document}$ indicates that such a map may also be described by pointwise taking the linear span of a light cone lift $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle c\rangle $$\end{document}$. For simplicity, we always assume $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle c\rangle $$\end{document}$ to be smooth. A polarized curve $\documentclass[12pt]{minimal}
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                \begin{document}$$S^n$$\end{document}$ together with a nowhere zero quadratic differential *Q* on (*a*, *b*). To a polarized curve $\documentclass[12pt]{minimal}
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Not surprisingly, the main advantage of the linearization of the projective formalism is its linear structure. For example, integration of ([3](#Equ3){ref-type=""}) shows that the primitives of an $\documentclass[12pt]{minimal}
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Main tools {#Sec3}
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Primitives of pure pole forms {#Sec4}
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Primitives of pole forms {#Sec5}
------------------------

In this section, we define pole forms and relate the limiting behaviour of their primitives at 0 to that of pure pole forms.
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A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {p}\mathfrak {o}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$-valued 1-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ on (0, *b*) is a *pole form* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi -\xi $$\end{document}$ is bounded with respect to the Euclidean norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\cdot }|$$\end{document}$ for a pure pole form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$ on (0, *b*).
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Different techniques are necessary to investigate the limiting behaviour of primitives of pole forms of the first and of the second kind. We start with those of the first kind.

### Lemma 1 {#FPar7}
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### Proof {#FPar8}
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From the factorization ([21](#Equ21){ref-type=""}) and Proposition [1](#FPar3){ref-type="sec"}, we conclude that the primitives of spacelike pole forms do not have limits at the singularity, while those of degenerate and Minkowski pole forms of the first kind do have limits. The following corollary deals with these limits for the degenerate case. In Lemma [2](#FPar13){ref-type="sec"} and Proposition [2](#FPar15){ref-type="sec"}, we then derive an analogous result for Minkowski pole forms of the first and second kind.

### Corollary 2 {#FPar11}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ be a degenerate pole form on (0, *b*) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi -\xi $$\end{document}$ bounded for the pure pole form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi $$\end{document}$. Choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_0\in \langle v, w\rangle \cap \mathcal {L}^{n+1}$$\end{document}$. Then, there is a continuous map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k:[0,b)\rightarrow \mathcal {L}^{n+1}$$\end{document}$ which satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \forall p,t\in (0,b):\,\langle k(t)\rangle =\varGamma _t^{p}(\psi )\langle k(p)\rangle ,\quad \langle k(0)\rangle =\langle v_0\rangle ,\quad \end{aligned}$$\end{document}$$and is such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \forall p\in (0,b):\,\lim _{t\rightarrow 0}\varGamma _p^{t}(\psi )=\langle k(p)v_0^*\rangle ,\quad \lim _{t\rightarrow 0}\varGamma _t^{p}(\psi )=\langle v_0 k(p)^*\rangle . \end{aligned}$$\end{document}$$

### Proof {#FPar12}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \mathbb {P}{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\in {\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a=\langle A\rangle $$\end{document}$. The adjoint $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A^*$$\end{document}$ with respect to the Minkowski inner product yields a well-defined element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^*:=\langle A^*\rangle \in \mathbb {P}{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$, which is independent of the chosen $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\in a$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a^*=a^{-1}$$\end{document}$. Now let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a:(0,b)\rightarrow \mathbb {P}O\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ be continuous with limit in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {P}{\textit{End}}\left( \mathbb {R}^{n+2}_1\right) $$\end{document}$ at 0. Then, since the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\mapsto a^*$$\end{document}$ is continuous, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lim _{t\rightarrow 0}a(t)^{-1}=\lim _{t\rightarrow 0}a(t)^*=(\lim _{t\rightarrow 0}a(t))^{*}. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _p^{t}(\psi )=\left( \varGamma _t^{p}(\psi )\right) ^{-1}$$\end{document}$, one limit in ([25](#Equ25){ref-type=""}) follows from the other due to ([26](#Equ26){ref-type=""}). Now use Corollary [1](#FPar9){ref-type="sec"} and Proposition [1](#FPar3){ref-type="sec"} to find that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \forall p\in (0,b):\,\lim _{t\rightarrow 0}\varGamma _{p}^{t}(\omega )=\varGamma _{p}^{0}(\xi \ltimes _{\!p} \omega ) \, \langle v_0v_0^*\rangle . \end{aligned}$$\end{document}$$Choose *k*(*p*) to be a continuous lift of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _p^{0}(\xi \ltimes _{\!p} \omega )\,\langle v_0\rangle $$\end{document}$. Due to ([22](#Equ22){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k(0)\in \langle v_0\rangle $$\end{document}$. The other relation in ([24](#Equ24){ref-type=""}) follows from ([25](#Equ25){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _p^{q}(\psi )=\varGamma _p^{t}(\psi )\varGamma _t^{q}(\psi )$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma [1](#FPar7){ref-type="sec"} and Corollary [1](#FPar9){ref-type="sec"} do not hold for pole forms of the second kind. In particular, the gauge transforms ([20](#Equ20){ref-type=""}) are in general not integrable and although the factorization ([21](#Equ21){ref-type=""}) also exists in that case, it seems to be of little use because we do not know whether the first factor, $\documentclass[12pt]{minimal}
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We can now prove the analogue of Corollary [2](#FPar11){ref-type="sec"} for Minkowski pole forms.

### Proposition 2 {#FPar15}
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Pole of first order {#Sec6}
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Fig. 1Darboux transforms (dashed) of a half ellipse (solid) with respect to a polarization with a pole of first order at each end. The spectral parameter $\documentclass[12pt]{minimal}
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Pole of second order {#Sec7}
====================

We now come to the more intricate and diverse case of a polarized curve $\documentclass[12pt]{minimal}
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Again, for convenience, we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle c\rangle $$\end{document}$ and *Q* have smooth extensions to some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,b+\tilde{\epsilon })$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\epsilon }>0$$\end{document}$.

The singular gauge transformation {#Sec8}
---------------------------------
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### Lemma 3 {#FPar21}

Define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v_\pm :=\sqrt{1-2\lambda }(\lambda o-\varvec{\iota })\pm (\lambda o+\varvec{\iota }-2\lambda \mathfrak {t}), \end{aligned}$$\end{document}$$such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _\lambda $$\end{document}$ can be written asIf $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-2\lambda >0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle v,w\rangle $$\end{document}$ is Minkowski and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_\pm $$\end{document}$ are eigenvectors of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\wedge w$$\end{document}$ with real eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pm \sqrt{1-2\lambda }$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-2\lambda =0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle v,w\rangle $$\end{document}$ is degenerate and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_+=-v_-\in \langle v,w\rangle $$\end{document}$ is null. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-2\lambda <0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle v,w\rangle $$\end{document}$ is spacelike and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_\pm $$\end{document}$ are complex conjugate eigenvectors of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\wedge w$$\end{document}$ with imaginary eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pm \sqrt{1-2\lambda }\in i\mathbb {R}$$\end{document}$.

In particular, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda >0$$\end{document}$, the pole form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \omega $$\end{document}$ is of the first kind. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \le 0$$\end{document}$, it is of the second kind.

By Proposition [2](#FPar15){ref-type="sec"}, Corollary [1](#FPar9){ref-type="sec"} and Proposition [1](#FPar3){ref-type="sec"}, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-2\lambda \ge 0$$\end{document}$, the primitives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma ^{t}_{p}({g}\!\ltimes \! \lambda \omega )$$\end{document}$ converge as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\rightarrow 0$$\end{document}$ while for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-2\lambda <0$$\end{document}$ they do not have a limit at 0. We treat these cases separately in the next two sections.
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For the Calapso transforms, even less work is necessary.

### Theorem 4 {#FPar24}
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The behaviour at the singularity for $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar26}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\langle c\rangle ,Q)$$\end{document}$ be a polarized curve on (0, *b*) such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle c\rangle $$\end{document}$ has a regular extension to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(-\,\epsilon ,b)$$\end{document}$ and *Q* has a pole of second order at 0. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in \mathbb {R}\backslash \{0\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in (0,b)$$\end{document}$, the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$-Calapso transform normalized at *p* tends[6](#Fn6){ref-type="fn"} towards the circular motion$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle C_{\lambda ,p}(t)\rangle :=\langle {g}(p)\rangle \, \varGamma ^{0}_{p}(\xi _\lambda \ltimes _{\!p} {g}\!\ltimes \! \lambda \omega ) \, \varGamma _{p}^{t}(\xi _\lambda )\left\langle o\right\rangle \end{aligned}$$\end{document}$$whose speed tends to infinity as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\rightarrow 0$$\end{document}$. In particular, it does not have a limit point at 0, but the limit circle$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \pounds [\langle c_{\lambda ,p}\rangle ]:={g}(p) \, \varGamma ^{0}_{p}(\xi _\lambda \ltimes _{\!p} {g}\!\ltimes \! \lambda \omega ) \, \langle o,\varvec{\iota },\mathfrak {t}\rangle \cap \mathcal {L}^{n+1}. \end{aligned}$$\end{document}$$

### Proof {#FPar27}
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### Proposition 3 {#FPar30}
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### Proof {#FPar33}

The first part of the theorem was proved above (see Proposition [3](#FPar30){ref-type="sec"}). What remains to be confirmed is the exception. The analysis of this exceptional case is laborious and will occupy us for the rest of this section. We prove the theorem in three steps. First, we show that $\documentclass[12pt]{minimal}
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